We propose the notion of extended parametric fuzzy number, which generalizes the extended trapezoidal fuzzy number and parametric fuzzy number, discussed in some recent papers. The metric properties of the nearest extended parametric fuzzy number of a fuzzy number, proved in the present article, help us to obtain the property of continuity for the parametric approximation operator and to simplify the solving of the problems of parametric approximations under conditions.
Introduction
Theoretical aspects and applications of fuzzy numbers to represent uncertain and incomplete information in decision making, linguistic controllers, biotechnological systems, expert systems, data mining, pattern recognition, etc. were discussed in many recent papers (e.g. [1] [2] [3] [4] [5] [6] [7] [8] [20] [21] [22] [23] [24] [25] ).
The notion of extended trapezoidal fuzzy number was introduced and the main properties were studied in [22] . In the paper [4] formulas for computing the nearest parametric fuzzy number with left-hand max(0, 1 − |x| s L ) and righthand max(0, 1 − |x| s R ) type side functions (s L , s R > 0) of a fuzzy number, with respect to average Euclidean distance, are determined. Properties of translation invariance, scale invariance, additivity, preservation of expected value, value and ambiguity are given. In the present paper we generalize the notion of extended trapezoidal fuzzy number to the parametric case with the above type side functions (Section 3). We compute the nearest extended parametric fuzzy number to a fuzzy number and we give some important metric properties of it (Section 4). As an application, the continuity of the parametric approximation operator is proved in Section 5. The metric and preservation properties of the nearest extended parametric fuzzy number are used in Section 5 to simplify the obtaining of the nearest parametric fuzzy number of a fuzzy number under different conditions, with respect to average Euclidean distance.
Preliminaries
We consider the following well-known description of a fuzzy number A: 
if α ∈ ]0, 1] and
The pair of functions (L A , R A ) gives a representation of the fuzzy number A. For two arbitrary fuzzy numbers
gives a distance between A and B (see, e.g., [11] ).
The expected interval of A ∈ F(R) was introduced by ( [17] )
The value Val S (A) and ambiguity Amb S (A) of A ∈ F(R) with respect to a reducing function S (that is S : [0, 1] → [0, 1] is increasing, S(0) = 0 and S(1) = 1) are defined by
and
An important subfamily of F(R) is the set of trapezoidal fuzzy numbers. A trapezoidal fuzzy number is a fuzzy number A with linear sides, that is
where
In [22] (see also [24] ), the notion of extended trapezoidal fuzzy number was introduced to facilitate the calculus of the nearest triangular and trapezoidal approximations of fuzzy numbers. According with [22] , an ordered pair of polynomials of degree 0 or 1 is called an extended trapezoidal fuzzy number. In fact, an extended trapezoidal fuzzy number is a pair (L A , R A ) as in (9) and (10), without any additional conditions. A parametric fuzzy number or an (s L , s R ) fuzzy number (see [18] ) is a fuzzy number A with
given by
Extended parametric fuzzy number
The generalization of the notion of extended trapezoidal fuzzy number, which is an extension of parametric fuzzy number too, is presented in this section. Even if it is an object without a natural interpretation, the benefits of the use of a such notion are important at least for two reasons. Firstly, the problem to find the nearest parametric fuzzy number of a fuzzy number A, with respect to d, can be reduced to a minimization problem in R 4 with respect to a distance D induced by an inner product on R 4 . Secondly, the nearest extended parametric fuzzy number of a fuzzy number preserves some important characteristics (e.g., expected interval, ambiguity, value) and many problems of finding the parametric approximation of a fuzzy number under constraints are reduced to minimization problems in R n .
Definition 1. An extended parametric fuzzy number
An extended parametric fuzzy number which is a fuzzy number and an extended parametric fuzzy number which is neither a fuzzy number nor a fuzzy set are represented in Fig. 1 .
If a ≤ b, σ ≥ 0 and β ≥ 0 in Definition 1 then A is a parametric fuzzy number or an (s L , s R ) fuzzy number (see [18] or [4] 
or the distance between a fuzzy number and an extended parametric fuzzy number is defined
Because the functions L A and R A in (13) and (14) can be written as
another representation of an extended (s L , s R ) fuzzy number, where
If (15) and (16) and (21)- (23).
Proof. See Appendix A.
The representation in (15)- (20) give us the possibility to write the distance d between two extended (s L , s R ) fuzzy numbers almost like the Euclidean distance in R 4 . Other important computational benefits will follow in the proofs of results.
Nearest extended parametric fuzzy number to a fuzzy number
The formulas of calculus of the nearest extended parametric fuzzy number to a fuzzy number are given. Some distance properties and preservation of value, ambiguity and expected interval by the nearest extended parametric fuzzy number, as a basis of applications in the following section, are proved. Because of similarity with the case of nearest extended trapezoidal fuzzy number (see [22] ), the proofs are given in Appendix.
In order to compute the parametric approximation (with fixed s L > 0 and s R > 0) of a given A ∈ F(R), Nasibov and Peker [18] looked for the pair of functions (L B , R B ) (or, equivalently, the real numbers
Because no condition is imposed the result is not always a fuzzy number, as in [5] is proved. In fact, in [18] the nearest extended parametric fuzzy number of a given fuzzy number, with respect to metric d, is determined. Under new notations we obtain the following result. 
(R).
Proof. Taking into account (15)- (20) we have
and the result is immediate from Theorem 1 in [18] . With the above notations, we obtain the following properties which aid the proofs of the main results.
Proof. See Appendix B. Even if some interpretations are difficult to be given, value and ambiguity of the nearest extended (s L , s R ) fuzzy number to a fuzzy number A can be defined similarly with (7) and (8) by Proof. See Appendix D.
Applications

Continuity of the parametric approximation operator
In the recent paper [4] the author proved the existence and uniqueness of the nearest parametric approximation of a fuzzy number. Some important properties of this approximation operator are studied and an algorithm for computing it is provided. In this section we prove that the parametric approximation operator is continuous. The method was suggested in [23] (24) and (31) imply 
is minimum under the conditions (21)- (23). Let us consider the parametric approximation operator, explicitly given in [4] , 
is a distance on R 4 (induced by the above inner product) and (R 4 , ·, · ) is a finite dimensional inner product space, therefore it is a Hilbert space.
Let
Because M is a closed convex subset of R 4 , for any 
Now, let A, B ∈ F(R). It is obvious that
that is the parametric approximation operator ψ satisfies the Lipschitz condition, therefore it is continuous. 
Nearest parametric fuzzy number under additional conditions
The method of finding the nearest parametric or trapezoidal fuzzy number of a fuzzy number such that some parameters are preserved is based on the Karush-Kuhn-Tucker theorem (see [2] [3] [4] 7, 13] ), proposed to be used in this topic by Grzegorzewski and Mrówka [13] . The method is sophisticated, with complicated calculus, because a system with a great number of equations and inequations must be solved. The properties in Propositions 6 and 7 suggest us a possibility to simplify the calculus as follows.
Let us consider the problem to find the nearest parametric fuzzy number B to a given fuzzy number A such that the 
The main advantage is that the solving of (36) is easier than the solving of (35) based on the Karush-Kuhn-Tucker theorem.
It is equivalent to a minimization problem in R n , n ∈ {1, 2, 3, 4}, as in the following we prove.
Nearest parametric fuzzy number preserving the expected interval
We consider the problem
EI(A) = EI(B),
The solving of (37) is laborious, it is similar with that given in [4] . Taking into account the previous discussion and Proposition 7, it is equivalent to 
, which is a minimization problem in R 2 .
Nearest parametric fuzzy number preserving value and ambiguity
To capture the relevant information, to simplify the task of representing and handling of fuzzy numbers, the value and the ambiguity of a fuzzy number were introduced in [9] . In the same paper was discussed how to approximate a given fuzzy number by a suitable trapezoidal one, with the same value and ambiguity. An idea, but without concrete results, was to determine the trapezoidal fuzzy number by minimizing the distance between the initial fuzzy number and its approximation. Below we propose a simple method to find the nearest parametric approximation (in a particular case the nearest trapezoidal approximation) of a fuzzy number, with respect to average Euclidean distance, which preserves these parameters.
where 
Conditions (42) and (43) imply
which is a minimization problem in R 2 .
In the case s = 1 the solution of the above minimization problem supplies the nearest trapezoidal approximation of the initial fuzzy number, which preserves its value and ambiguity.
Conclusion
The extended parametric fuzzy number was introduced in the present paper. The main metric properties of the nearest extended parametric fuzzy number are similar with the properties of the nearest extended trapezoidal fuzzy number and they help us to prove the continuity of the parametric approximation operator. Another application of the metric properties is the simplification of the method of finding the nearest parametric fuzzy number of a fuzzy number such that some parameters, like expected interval or value and ambiguity, are preserved.
Appendix
A. Proof of Proposition 2
Taking into account
for every s > 0, we obtain
B. Proof of Proposition 5
(i), (ii) Taking into account (47), (48) and (27) we get
The proofs of (iii) and (iv) are similar. 
C. Proof of Proposition 6
Taking into account the results in Proposition 5 we obtain
The proof of the equality
is similar and the conclusion is immediate.
( On the other hand, (15) , (16) (
In the same way, ).
D. Proof of Proposition 7
The equalities The proof in the case of ambiguity is similar.
